Abstract: Injection hydrofractures grow in transient linear flow in a low permeability, soft rock. The cumulative injection of water or steam scales with time to the power of 1, not ½ predicted from the theory of linear transient flow. Therefore, either the injection hydrofractures grow with time, or the formation permeability increases with time, or both. A simple mass balance of hydrofracture growth during fluid injection, attributed to Carter, is corrected, extended to the case of variable injection pressure, and presented in a simplified form. The Carter theory predictions are then compared with the growth rate of hydrofracture area calculated independently for two steam injectors. There is remarkable agreement between the modified Carter theory predictions and the independently estimated rates of growth of these two hydrofractures.
Introduction:
Field demonstrations of hydrofracture propagation and geometry are scarce. Kuo et al. [1] proposed a fracture extension mechanism to explain daily wellhead injection pressure behavior observed in the Stomatito Field A fault block in the Talara Area of the Northwest Peru. They have quantified the periodic increases in injection pressure, followed by abrupt decreases, in terms of Carter's theory [2] of hydrofracture extension. Patzek [3] described several examples of injector-producer hydrofracture linkage in the South Belridge diatomite, CA, and quantified the discrete extensions of injection hydrofractures using the linear transient flow theory and linear superposition method.
Vinegar et al. [4] used three remote "listening" wells with multiple cemented geophones to triangulate the microseismic events during hydrofracturing of a well in a steam drive pilot in Section 29 of the South Belridge diatomite. Ilederon et al. [5] used the same geophone array to triangulate microseismicity during hydrofracturing of two steam injectors nearby. In addition, they corrected the triangulation for azimuthal heterogeneity of the rock by using conical waves. Multiple fractured intervals, each with very different lengths of hydrofracture wings, as well as an unsymmetrical hydrofracture, have been reported.
To date, perhaps the most complete images of hydrofracture shape and growth rate in situ have been presented by Kovscek et al. [6, 7] . They have obtained detailed time-lapse images of two injection hydrofractures in the South Belridge diatomite, Section 29, Phase II steam drive pilot. This paper is organized as follows. First, Carter's theory [2] of fracture growth is revisited and extended to the case of variable injection pressure. Carter's assumptions are clarified and corrected. A new, simple expression is obtained for the cumulative fluid injection as a function of variable injection pressure and fracture area. Fracture growth is expressed in terms of readily available field measurements. Second, for a steam injector in the South Belridge diatomite, predictions of the modified [8] Carter theory are compared with the hydrofracture growth calculated independently by Kovscek et al. [6, 7] .
Carter's Model Revisited:
Let us formulate a one-dimensional model of fluid injection from a vertical highly conductive fracture into a low-permeability rock. We assume to know the entire history of variable injection pressure, the initial fracture area -not necessarily zero, and the entire history of fracture growth. We also assume that the flow of the injected incompressible fluid is horizontal, transient, and perpendicular to the fracture plane. Thus the injection pressure is not communicated beyond the current length of the fracture, and the injection well is in an infinite reservoir. We denote by A t b g and dA t dt b g/ , respectively, the fracture area and the rate of fracture growth at time t; hence the initial fracture area is A 0 b g. We denote by q t b gand p t inj b g the injection rate and the average downhole injection pressure, respectively. We assume that the permeability inside the fracture is much higher than in the surrounding formation; therefore, at each time the fluid pressure is essentially the same throughout the fracture. Now let us pick an arbitrary time  between 0 and t . We define v t
, as the fluid superficial leak-off velocity at time t across that portion of the fracture which opened between  and    ,  being a small increment of time. The new fracture area, which has been created within the time interval   ,   , is equal to
Hence the rate of fluid leak-off through this area is equal to b g / , the rate of water accumulation from fracture extension, one gets:
Here w is the average fracture width. Passing to the limit as max
Remark. Strictly speaking, the above calculations should yield a single Riemann-Stieltjes the difference t   , i.e., on how long ago from the present the respective portion of the fracture opened. Thus we can substitute v t v t
Eq. (3) extends the original Carter model [2] of fracture growth by accounting for the initial fracture area A 0 b g.
Now let us find out how v t
 b g depends on p t inj ( ) if the injection pressure varies with time. For this purpose, we consider the following parabolic boundary-value problem on a semi-infinite interval:
Here  and p i denote, respectively, the constant hydraulic diffusivity and the initial pressure in the formation outside the fracture area created at time  . The solution to the boundary-value problem (4) characterizes the distribution of pressure outside the fracture caused by fluid injection: p x t  , b g is equal to the pressure at time t at a point located at the distance x from the portion of the fracture, which opened at time  . According to Darcy's law,
Here k and k r are the absolute rock permeability and the relative fluid permeability in the formation outside the fracture, and  is the fluid viscosity. The solution to the boundary value problem (4) is known (cf. [10] or [11] ):
It can be shown that
Substitution into (5) yields
Now it only remains to substitute (8) into (3), take into account that
, and change the order of iterated integration:
Eq. (9) may be integrated with respect to time and simplified to
where
is the cumulative injection at time t .
Eq. (10) is the most general model of fluid injection as a function of injection pressure and fracture area, and under the assumptions listed above. To our knowledge, such an equation has not been published elsewhere. In particular, it implies the following special cases.
(1) If there is no fracture growth and injection pressure is constant, i.e., A t A b g  0 and
and injection rate must decrease inversely proportionally to the square root of time:
The leak-off velocity is
The cumulative fluid injection can be expressed through C :
where the "Early Injection Slope" characterizes fluid injection prior to fracture growth and prior to changes in injection pressure. 
then the solution to (3) with respect to A t b g is provided by
Early Injection Slope Initial Fracture Volume (19) is the dimensionless drainage time of the initial fracture, and wA 0 is the correct spurt loss from the instantaneous creation of fracture at t  0 and filling it with fluid. The formula (17) for the injection rate consists of two parts: the first component is the leak-off rate when there is no fracture extension and the second, constant, component is "spent" on fracture growth. Conversely, the first constant term in the solution (18) is produced by the first term in (17) and the second additive term is produced by the constant component q 0 of q t b g in (17).
For longer injection times q t q b g  0 , and it can be shown that
where the average fluid injection rate q 0 and the Early Injection Slope are in consistent units. For short injection times, the hydrofracture area grows linearly with time (e.g., [12] , page 174). Eq. (20) allows one to calculate the fracture area as a function of average injection rate and the early slope of cumulative injection versus the square root of time. All of these parameters are readily available if one operates a new injection well at a low and constant injection pressure to prevent fracture extension. The initial fracture area (i.e., its length and height) is known approximately from the design of the hydrofracturing job [13, 14] .
The most important restriction in Carter's and our derivation is the requirement that the injection pressure is not communicated beyond the current length of the fracture. Hagoort et al. have shown numerically [8] that for a homogeneous reservoir the fracture propagation rate is only about half of that predicted by the Carter formula (3). This is because the formation pressure increases beyond the current length of the hydrofracture, thus confining it. If fracture growth is slower than predicted by the mass balance (20), then there must be flow parallel [8] to the fracture plane or additional formation fracturing perpendicular to the fracture plane, or both. Either way, the leak-off rate from the fracture must increase. Clearly, Fig. 2 predicts very large fracture extensions, and these predictions must be verified by an independent experiment. Luckily, an independent interpretation of hydrofracture geometry in the Phase II steam drive pilot [6, 7] provides the necessary verification. The latter interpretation lumps the parameters that describe the first-order physics of steam flow in diatomite into a single parameter, called the hydraulic diffusivity. This lumping led to a second-order partial differential equation, similar in form to a transient diffusion equation that describes the pressure profile in the steam-occupied zone in each diatomite layer. The method of Marx and Langenheim [15] was then used to locate the steam front in each layer. Finally the transient heat conduction equation was solved for the temperature in the oil zone ahead of the steam front. The hydraulic and thermal diffusivities as well as hydrofracture shape were iterated to match the areal temperature response in each layer of the South Belridge diatomite in the Phase II pilot and the overall cumulative steam injection. The hydrofracture shapes obtained from that analysis are shown in Fig 3. There are several fracture extensions lumped into discrete events. In other words, each hydrofracture shape is assumed to persist over a period of time listed below it. In reality, the hydrofracture extensions occur continuously for most of the time. The hydrofracture shapes in Figs 3 have been integrated, and the corresponding surface areas are plotted in Fig. 4 versus the square root of time, together with the predictions from Carter's theory modified for the homogeneous reservoir. Agreement between the theory and field data is remarkable. 
